Abstract. We describe the center of the group C Ã -algebra C Ã ðGÞ of a locally compact group (mainly in the case of amenable groups, CCR-groups and almost connected groups) making use of compactness conditions and property T.
Introduction
Let G be a locally compact (l.c.) group. The center Z of the convolution algebra L 1 ðGÞ was described rather explicitly by Mosak [Mosa2] (earlier statements go back to [Go1] ; see [Ro] for a survey of results on Z and related algebras). Its members are given by those integrable functions f that are invariant under inner automorphisms, i.e. f ðxtx À1 Þ ¼ f ðtÞ for all t; x A G. (This is mentioned by various authors. For a quick proof, use [Mosa2] , Prop. 1.2; recall that D has to be trivial, if Z is non-trivial, e.g. by [LM1] , Cor. 1.5; furthermore, one can get rid of exceptional sets of measure zero by using an approximate unit as in [LM1] , Cor. 1.6 and arguments as in the proof of Lemma 2.7 below). It follows in particular ( [Mosa1] ) that Z is non-trivial if and only if G is an IN-group (i.e. it has a compact neighbourhood of the identity, invariant under inner automorphisms-see [GM] ).
In this paper, we are looking for a related description in the case of group C Ã -algebras. Section 1 deals with the case of the reduced C Ã -algebra C Ã r ðGÞ. This can be defined as the norm closure of L 1 ðGÞ, when acting by (left-) convolution on L 2 ðGÞ (see also [E] , 1.16). It turns out that the center of C Ã r ðGÞ is the closure of the center of L 1 ðGÞ (Theorem 1.1). This is used to answer a problem of [GWR] about the existence of a central approximate unit in C Ã ðGÞ.
The remaining sections deal with the case of the full C Ã -algebra C Ã ðGÞ, i.e. the enveloping C Ã -algebra of L 1 ðGÞ (see e.g. [Di] , 13.9). Note that for amenable groups G, the algebra C Ã ðGÞ coincides with C Ã r ðGÞ ( [Di] , 18.3.6 and [Gr] , p. 63). Hence this case is covered by Theorem 1.1, i.e. the center of C Ã ðGÞ is essentially determined by the center of L 1 ðGÞ (a slightly more general statement is given in Proposition 1.4). On the other hand, we show that Kazhdan's property T gives rise to further elements of the center of C Ã ðGÞ. This is worked out in Section 2 (Propositions 2.3, 2.4, 2.6, 2.8), generalizing a result of [Val] . Then, we can prove that for CCR-groups (Section 3, Theorem 3.1) and for almost connected groups (Section 5, Theorem 5.1) these two constructions give in combination the whole center of C Ã ðGÞ. In particular, if G belongs to one of these classes, the center of C Ã ðGÞ is non-trivial if and only if there exists a closed normal subgroup N of G, such that N has property T and G=N is an IN-group.
Section 5 contains also a characterization of almost connected groups with property T (Theorem 5.2). It extends slightly [Wan2] , Th. 1.9 and reduces the question essentially to semisimple Lie groups. Furthermore, in Section 4 (Propositions 4.1, 4.5), we give some results on the structure of connected l.c. groups (Levi decomposition), correcting some errors in the literature (in particular [Ma] ).
Similar results can be shown for linear algebraic groups over a field of p-adic numbers, but the problem remains, what happens for arbitrary (non-amenable) l.c. groups (especially for discrete groups or for arbitrary totally disconnected groups): are there further constructions for central elements in C Ã ðGÞ?
Further notations. We consider a fixed left Haar measure on G, defining L p ðGÞ. The norm is written k k p (similarly, k k C Ã on C Ã ðGÞ etc.). KðGÞ denotes the space of continuous functions with compact support. Integration is denoted by dx, e denotes the identity of G. MðGÞ is the convolution algebra of (complex) Radon measures on G. d x denotes the point measure at x. L 1 ðGÞ is considered as a subset of C Ã ðGÞ (resp. C Ã r ðGÞ, MðGÞ), and multiplication in C Ã ðGÞ is also denoted by u Ã v. The elements of MðGÞ act as multipliers on C Ã ðGÞ, hence m Ã u (or u Ã m) makes sense for m A MðGÞ, u A C Ã ðGÞ. AðGÞ ðBðGÞÞ denotes the Fourier algebra (Fourier-Stieltjes algebra) of G (see e.g. [E] ). Recall that BðGÞ is the dual of C Ã ðGÞ, the duality being given by hu; wi ¼ Ð G uðxÞwðxÞ dx for u A L 1 ðGÞ, w A BðGÞ (similarly, h ; i is used for other dualities).
Z À C Ã ðGÞ Á denotes the center of C Ã ðGÞ (similarly for other algebras). When talking about representations of G, these are always assumed to be continuous and unitary (unless otherwise stated).Ĝ G denotes the set of equivalence classes of irreducible representations of G. If p is such a representation, we will use the same letter for the corresponding representations of C Ã ðGÞ (see [Di] , 13.9) and of MðGÞ.
1. The reduced C Ã -algebra Theorem 1.1. Let G be a l.c. group. The center of C For the class of FIA À B -groups (let H be such a group), the B-center Z B À C Ã ðHÞ Á of C Ã ðHÞ (i.e., the B-fixed elements) was investigated more closely in [Mosa2] (note that in this case C Ã ðHÞ coincides with C Ã r ðHÞ, since H is amenable, see [Pa] , p. 698). This can now be extended as follows: if G is any l.c. group for which Z À C Ã r ðGÞ Á is non-trivial (i.e. G is an IN-group), there exists (see [LM1] , Cor. 1.5) a compact G-invariant subgroup K of G FC such that H ¼ G FC =K is an FIA À G -group (considering the induced action of G on G FC =K by inner automorphisms) and
(with respect to the usual embedding of L 1 ðHÞ into L 1 ðGÞ). Theorem 1.1 implies that
i.e., the elements of the center ''live'' on H and it follows that the results of [Mosa2] are valid for centers Z À C Ã r ðGÞ Á , where G is an arbitrary l.c. group. But in the present paper, we will not make use of these more refined properties. Again, the proof will be given at the end of the section. Corollary 1.3 answers Question 8.2 (i) of [GRW] (see also their Rem. 1 after Cor. 2.4). Note that it holds as well, if C Ã r ðGÞ is replaced by C Ã ðGÞ, since C Ã r ðGÞ is a quotient of C Ã ðGÞ.
Next, we present a slightly generalized variant of Theorem 1.1. It is not used directly in the later parts of the paper, but it indicates what the methods of this section give for the full C Ã -algebra, preparing the picture that is found in the special cases treated in Sections 3 and 5. Proposition 1.4. Assume that N is a closed normal subgroup of G such that G=N is amenable. If C Ã ðGÞ has non-trivial center, then G=N is an IN-group and if H denotes the subgroup of G defined by H=N ¼ ðG=NÞ FC , then every element of the center is supported by H.
See the last paragraph of the proof for the meaning of ''supported by H ''.
We start with some preparations for the proofs of Theorem 1.1 and Proposition 1.4. If f is a function on G, x A G, we put g x ð f Þ ¼ d x Ã f Ã d x À1 (d x denotes the point measure at x). This extends continuously to C Ã ðGÞ and central elements u A C Ã ðGÞ (or C Now let C be the closed convex hull of fg x ð f Þ : x A Gg in L 2 ðGÞ. There exists a unique f 0 A C such that k f 0 k 2 becomes minimal. Since G is unimodular, g x is isometric on L 2 ðGÞ, hence g x ð f 0 Þ ¼ f 0 for all x A G. Since w A L 2 ðGÞ, we have 0 B C, hence f 0 3 0. It follows that G is an IN-group and that supp f 0 L G FC (which is open for IN-groups). Since h f 0 ; wi > 0, we get supp w X G FC 3 j.
Proof of Proposition 1.4. If K L G is compact, e > 0, then amenability of G=N implies (use e.g. [Di] , 18.3.6) that there exists v A AðG=NÞ with kvk A ¼ 1 such that jvðxÞ À 1j < e for all x A K and supp v is compact in G=N (the space AðG=NÞ is identified with a subalgebra of BðGÞ in the obvious way, see [E] , 2.26). This has the following consequence about the C Ã -norm: if u 0 A L 1 ðGÞ with ku 0 k 1 ¼ 1, there exists a compact subset K of G such that the restriction satisfies ku 0 jKk 1 > 1 À e. Take w A BðGÞ such that kwk B ¼ 1 and hu 0 ; wi ¼ ku 0 k C Ã . Choose v as above, then
Hence jhu 0 ; vwij f ku 0 k C Ã À eð3 þ eÞ. It follows easily from this that for every u A C Ã ðGÞ we have kuk C Ã ¼ supfjhu; wij : w A BðGÞ; kwk B ¼ 1; supp w is compact mod Ng:
Now assume that u A C Ã ðGÞ is central, kuk C Ã ¼ 1. Take w A BðGÞ such that kwk B ¼ 1, supp w is compact mod N and c ¼ hu; wi > 0. Choose 0 < e < c. Then there exists f A KðGÞ with k f À uk C Ã < e. This gives kg x ð f Þ À uk C Ã < e, consequently
denotes the canonical mapping relating the Haar measures of G and G=N). w being uniformly continuous, it follows that w 1 A KðG=NÞ. Furthermore, we have f 1 A KðG=NÞ and
h ; i G=N refers to the duality for function spaces on G=N). By Lemma 1.5, we get that G=N is an IN-group and that supp w 1 X ðG=NÞ FC 3 j. Clearly, supp w 1 is the image of supp w in
Recall that BðGÞ is an algebra with respect to pointwise multiplication which implies that there is a dual action of BðGÞ on C Ã ðGÞ, defined by hv Á u; wi ¼ hu; vwi for v; w A BðGÞ, u A C Ã ðGÞ. The indicator function w H of H satisfies w H A BðGÞ and, the argument of the previous paragraph (applied to w À w H w instead of w) shows that hu À w H Á u; wi ¼ hu; w À w H wi ¼ 0 for all w A BðGÞ such that supp w is compact mod N. Hence u ¼ w H Á u, and u can be identified with an element of C Ã ðHÞ (see [Le] , Th. 3.4).
For u A C Ã ðGÞ, the first idea would be to define supp u by projecting u to C Ã r ðGÞ-see the next paragraph. But this may be empty (if u gets mapped to 0), hence this definition is not very natural. For open subgroups H of G, we say that u is ''supported by H '' if u ¼ w H Á u, i.e. u belongs to the image of C Ã ðHÞ in C Ã ðGÞ with respect to the embedding mentioned above.
Proof of Theorem 1.1. C Ã r ðGÞ is the norm closure of L 1 ðGÞ in VNðGÞ, the von Neumann algebra of G (those operators on L 2 ðGÞ that commute with right translations). For u A VNðGÞ, the support supp u is defined by [E] , p. 224. For u A L 1 ðGÞ this coincides with the support of the corresponding measure.
The dual of C Ã r ðGÞ can be identified with a closed subalgebra B r ðGÞ of BðGÞ. The unit ball of B r ðGÞ is the closure of the unit ball of AðGÞ with respect to the topology of compact convergence (see [E], p. 195) . This gives kuk C Ã r ¼ supfjhu; wij : w A AðGÞ; kwk ¼ 1; supp w compactg:
Now one can proceed as in the proof of Proposition 1.4 to show that if u A C Ã r ðGÞ is central, u 3 0, then G is an IN-group and supp u L G FC .
For the final step, take any h A KðG FC Þ. Since G is an IN-group, it follows easily that supp h is contained in a compact, G-invariant set K. Then it follows from the DunfordPettis criterion that fg x ðhÞ : x A Gg is weakly (i.e. sðL 1 ; L y Þ-) relatively compact in L 1 ðG FC Þ (see [DS] , IV.8.9, p. 292 and the version of Dieudonné on p. 387). By approximation, we get that the action g of G on L 1 ðG FC Þ has weakly relatively compact orbits. Thus, we can apply the Ryll-Nardzewski fixed point theorem (see [B] , Th. A.24 or [Gr] 
. (This extends slightly the definition of
K that was given in [KS] for FC À -groups. Earlier versions can be found in [Go1] and [Mosa2] .) 
When there is a central approximate unit, this extends to all u A C Ã r ðGÞ. This implies K ¼ ðeÞ.
Groups with the Kazhdan property T
Recall that a l.c. group G has property T, if the trivial representation 1 G defines an open point inĜ G ( [HV] , Ch. 1). If N is a closed normal subgroup of G, then the pair ðG; NÞ is said to have property T if ðG=NÞ^has non-empty interior inĜ G ( [HV] , 1.18). For example, if N has property T, then ðG; NÞ has property T.
The Bohr compactification of G (see e.g. [Di] , 16.1) will be denoted by bG. The next results will make use of an embedding e b of C Ã ðbGÞ (or C Ã ðbGÞ 00 ) into C Ã ðGÞ 00 . This is implicit in [Go2] , [Wal2] , we give here a more direct approach, working with weakly almost periodic functions. For the convenience of the reader we recall now some properties (see also [B] , Ch. 1, [Gr] , §3.1). WAPðGÞ (resp. APðGÞ) denotes the space of weakly almost periodic (resp. almost periodic) continuous, complex valued functions on G. It is well known that BðGÞ L WAPðGÞ ( [B] , Th. 3.1, p. 36 or [Gr] , L. 3.8.2, p. 82; more generally, the coe‰cients of any uniformly bounded representation on a reflexive Banach space are weakly almost periodic; this elementary functional analytic result, going back to Eberlein, was one of the starting points for the investigation of weakly almost periodic functions). WAPðGÞ is a C Ã -subalgebra of the bounded continuous functions and this makes some arguments easier (BðGÞ is also a Ã-subalgebra but in most cases not closed and not a lattice of functions, e.g., the pointwise absolute value jwj will not belong to BðGÞ, in general). Another important property is that WAPðGÞ always has an invariant mean m (even if G is not amenable; [B] , Cor. 1.26, p. 15 or [Gr] , p. 38). m has the usual properties of a mean (linearity, positivity, normalization; [B] , Def. 1.19, p. 7 or [Gr] Recall that BðGÞ consists of the coe‰cients wðxÞ ¼ À pðxÞf j g Á of (continuous, unitary) representations p of G and then for v A C Ã ðGÞ, the duality is given by hv; wi
For positive definite functions (and this extends easily to BðGÞ, using e.g. [E] , 2.12) the mean m and the decomposition were studied earlier by Godement ([Go2] , see sec. 23, 24, in particular Th. 16, p. 64). APðGÞ X BðGÞ consists of the coe‰cients of (at most countable) sums of finite dimensional representations of G. Hence it can be identified with the space BðbGÞ (¼AðbGÞ; the isomorphism being induced by the mapping of G to a dense subgroup of bG, see also [E] , 2.27). Under this identification, mðwÞ coincides with the (normalized) Haar integral of w A BðbGÞ L KðbGÞ on the compact group bG (e.g. by uniqueness). For a coe‰cient wðxÞ ¼ À pðxÞf j g Á , the mean is given by mðwÞ ¼ ðPf j gÞ, where P denotes the orthogonal projection to the space of p-fixed vectors (see also [Gr], L. 3.8.3, p. 84) . BðbGÞ has a complementary subspace consisting of the coe‰cients of those representations of G that have no finite dimensional subrepresentations. In terms of m, the description is fw A BðGÞ : mðjwj 2 Þ ¼ 0g. Using the extension to weakly almost periodic functions (and positivity of m which implies the analogue of the Cauchy-Schwarz inequality [Di] Proof. Using again positivity of m and the decomposition of BðGÞ, it follows that mðjwjÞ ¼ 0 is equivalent to mðww 1 Þ ¼ 0 for all w 1 A BðbGÞ. This gives (i). For
, we have by definition of the duality,
Then (ii) follows immediately, since mðjw À w 0 jÞ ¼ 0 implies mðvwÞ ¼ mðvw 0 Þ. 00 . It is the support projection for the set of finite dimensional representations of G and it can be characterized as the minimal non-negative character of the commutative Banach algebra BðGÞ (here, ''non-negative'' refers to the order induced by the cone of positive definite functions).
Similarly, e b ð1Þ (i.e., the functional defined by m) is the support projection of the trivial representation of G (this projection is denoted by z 0 in [Wal2] , p. 271). To get a more concrete picture, one can show (in analogy to [Val] , Th. 3.2) that if G is s-compact and m is a probability measure on G whose support generates G, then the convolution powers m n are w Ã -convergent to m (''mean ergodic theorem''). This describes e b ð1Þ as a limit of convolution operators. By Lemma 2.1 (iv) (and continuity), the elements w Á m with w A APðGÞ give a dense subspace of e b À C Ã ðbGÞ Á .
Proposition 2.3. If G is a l.c. group with property T, then e b defines an embedding of the C Ã -algebra C Ã ðbGÞ onto the ideal of C Ã ðGÞ that is given by the intersection of the kernels of all infinite dimensional representations s AĜ G (in case, there are no infinite dimensional s AĜ G, one has to take C Ã ðGÞ). In particular,
Conversely, if e b ðuÞ A C Ã ðGÞ for some u 3 0, then G has property T.
This generalizes slightly Lemma 3.1 of [Val] .
Proof. Assume that G has property T and p AĜ G is finite dimensional. The extension to bG is denoted by p b . Then fpg is open inĜ G (by [HV] , Prop. 1.14 (v)) and closed ( [Di] , 3.6.4).
be the restriction of p. Then p J is an isomorphism. Similarly, we have a decomposition
In Lemma 2.1 (iii) it is enough to consider irreducible representations of G (e.g. by [Di] , 2.7.1). Then it follows immediately from the properties of J p and J p b that e b ðvÞ ¼ p By construction, J p L ker s for all infinite dimensional s AĜ G. Conversely, if u B J, there exists s AĜ G such that sðuÞ 3 0 and J L ker s. Then, J p L ker s implies s 3 p (since I p X J p ¼ ð0Þ). Hence s is infinite dimensional. Thus, J coincides with the intersection of the kernels of all infinite dimensional representations s AĜ G.
, then, using the ideal property, we get
By the factorization property, it follows that
For the converse, assume that u A C Ã ðbGÞ. [Di] , 3.4.10), we get a finite dimensional representation which defines an isolated point in G G. By Wang's result [HV] , Prop. 1.14 (iv), G has property T, finishing the proof of Proposition 2.3.
Next, we consider a similar embedding e N for quotient groups. If N is a closed normal subgroup of G, recall that BðG=NÞ can be identified with the subspace of N-fixed functions in BðGÞ ( [E] , 2.26, Cor. 3) and there is a complementary subspace that consists of the coe‰cients of those representations that have no non-zero N-fixed vector. The corresponding projection associates to w A BðGÞ the function w 0 ðxÞ ¼ m N À n 7 ! wðxnÞ Á (m N denotes the invariant mean for weakly almost periodic functions on N; for wðxÞ ¼ À pðxÞf j g Á this amounts to w 0 ðxÞ ¼ À pðxÞPf j Pg Á , where P denotes the orthogonal projection to the space of N-fixed vectors). Duality gives a mapping e N : C Ã ðG=NÞ ! C Ã ðGÞ 00 (see also [Wal1] , Prop. 2, p. 35). As in Lemma 2.1, it is easily seen to be an injective algebra homomorphism.
Proposition 2.4. If G is a l.c. group, N a closed normal subgroup with property T, then e N defines an embedding of the C Ã -algebra C Ã ðG=NÞ onto an ideal of C Ã ðGÞ. In particular,
Conversely, if the image of e N is contained in C Ã ðGÞ, then N has property T.
The first part is contained in [Val] , Th. 3.6 (respectively, its proof ). The statement about the center follows as in the last part of the proof of Proposition 2.3.
Corollary 2.5. If G is a l.c. group, N a closed normal subgroup with property T and G=N is an IN-group, then C Ã ðGÞ has non-trivial center.
Proof. This follows at once from Mosak's result [Mosa1] .
Fixing Haar measures on G and G=N, there is a canonical homomorphism t N : L 1 ðGÞ ! L 1 ðG=NÞ. It extends to a surjective C Ã -algebra homomorphism (again denoted by t N ) from C Ã ðGÞ to C Ã ðG=NÞ. It is easy to see that t 00 N e N is the canonical embedding of C Ã ðG=NÞ into C Ã ðG=NÞ 00 .
Proposition 2.6. Let G be a l.c. group, N a closed normal subgroup.
a) For u A C Ã ðGÞ the following statements are equivalent:
b) ðG; NÞ has property T if and only if there exists a non-zero N-fixed element in C Ã ðGÞ (i.e., some u A C Ã ðGÞ with u 3 0 and satisfying the properties of a)).
Proof. In a), the implications (iv) ) (v) ) (i) and (v) ) (ii) are easy. If (iii) holds, it follows that u vanishes on the complementary subspace to BðG=NÞ described before Proposition 2.4 and so do the elements of e N À C Ã ðG=NÞ Á . Since for w A BðG=NÞ L BðGÞ, we have hw; ui G ¼ hw; t N ðuÞi G=N (where h i G refers to the duality À C Ã ðGÞ; BðGÞ Á ), it follows that u ¼ e N t N ðuÞ, i.e. (iv) holds.
If u satisfies (ii), then u Ã satisfies (i), hence (iv) holds as well.
Next we prove b): If u A C Ã ðGÞ is non-zero and satisfies (iii), then the set fp AĜ G : pðuÞ 3 0g is non-empty, open and contained in ðG=NÞ^. Hence ðG; NÞ has property T.
er p. Then J is a closed ideal in C Ã ðGÞ and if ðG; NÞ has property T, then J 3 ð0Þ (if p determines an interior point of ðG=NÞ^,
Lemma 2.7. Let N be a closed normal subgroup of G, p AN N, with p 3 1 N .p p denotes the induced representation of p to G. Then the restriction ofp p to N does not contain the trivial representation 1 N .
Proof. This is essentially well known (see e.g. [Z] , 2.2.16). We give here a proof that avoids countability assumptions.
Assume that p acts on the Hilbert space H 0 . We take the realization ofp p as in [War] , 5.1: H consists of equivalence classes of measurable functions f : G ! H 0 , satisfying for all n A N: f ðxnÞ ¼ pðn À1 Þf ðxÞ for a.e. x A G.p p is defined by left translation:
Then there exists a non-zero f A H that is p pðnÞ-fixed for all n A N, i.e.p pðnÞf ¼ f for all n A N. Cutting down, we may assume that f is bounded. Take v A L 1 ðGÞ, then f 1 ¼p pðvÞf is continuous (and non-zero for appropriate v). Since N is normal, we havep pðnÞf 1 ¼ f 1 for n A N, and this gives Proof. a) For p AN N,p p denotes the induced representation of p to G. Assume that 1 N is weakly contained inN Nnf1 N g. Then by [F] 
By Proposition 2.6, we have d n Ã u 1 ¼ u 1 for all n A N. It follows that the image ofp pðu 1 Þ consists of N-fixed vectors. But then Lemma 2.7 implies p ¼ 1 N which gives a contradiction. We claim that if p is a representation of G whose restriction to N does not contain the trivial representation, then p is weakly contained in S: We can assume that p is cyclic.
is non-degenerate on I ðG=NÞ^a nd p 2 is weakly contained in S. By Proposition 2.6 a) (iii), I ðG=NÞ^c onsists of N-fixed elements of C Ã ðGÞ, hence the space of p 1 consists of N-fixed vectors. Thus p 1 has to be zero. (Alternatively: the support of p 1 is contained in ðG=NÞ^, hence N L ker p 1 .)
As a consequence, if p A S and s is a representation with N L ker s, then p n s is weakly contained in S (if P h i n k i is ðp n sÞðNÞ-fixed, then P h i ðk i jkÞ is pðNÞ-fixed for all k). Thus B S ðGÞ is invariant under multiplication by elements of BðG=NÞ. Hencẽ B B ¼ B S ðGÞ X BðG=NÞ is a w Ã -closed ideal in BðG=NÞ. Since ðG; NÞ has property T, we know thatB B is non-trivial (Proposition 2.6 b) and a) (iii)). SinceB B is invariant under G-translations, it follows from [E] , 3.38 that AðG=NÞ LB B.
Corollary 2.9. If N is a closed normal subgroup of G, ðG; NÞ has property T and G=N is amenable, then N has property T. (ii) ðG; NÞ has property T and N has not: then e N ðuÞ A C Ã ðGÞ if and only if u A I 0 , i.e. I 0 determines the N-fixed elements of C Ã ðGÞ.
By Proposition 2.6 a) (iv), we have the decompositioñ I I 0 ¼ ker t N l e N ðI 0 Þ. The first part, ker t N , has the spectrumĜ G nðG=NÞ^, e N ðI 0 Þ ðGI 0 Þ has the spectrum ðG=NÞ^n supp G=N r and these are disjoint open sets inĜ G whose union isĜ G n supp G=N r which is the spectrum ofĨ I 0 .
An example of this case arises when G is the semi-direct product of SLð2; RÞ and N ¼ R 2 with respect to the canonical action (see [HV] , Prop. 2.3; this example, as well as the notion of property T for pairs ðG; NÞ goes back to Margulis).
, all elements of C Ã ðG=NÞ determine N-fixed elements in C Ã ðGÞ.
CCR-groups
Recall that a l.c. group G is called a CCR-group, if pðuÞ is compact for all u A C Ã ðGÞ, p AĜ G ( [Pa] , p. 691). Examples are almost connected nilpotent groups, connected semisimple groups ( [Pa] , p. 723) and some related algebraic groups.
We make use of the von Neumann kernel of G that is defined as the intersection of the kernels of all finite dimensional representations of G. Furthermore,Ĝ G fin denotes the subset ofĜ G defined by the finite dimensional representations, dĜ G ðd A NÞ is defined by the representations of dimension at most d.
For CCR-groups, we get now a converse to Corollary 2.5.
Theorem 3.1. Assume that the l.c. group G is a CCR-group. Then C Ã ðGÞ has nontrivial center if and only if G has a closed normal subgroup N with property T and such that G=N is an IN-group.
Á is non-trivial, one can take N as the von Neumann kernel of G and G=N is in fact an amenable SIN-group. Then the mapping e N of Proposition 2.4 defines an iso-
Before starting the proof, we have two auxiliary lemmas.
Lemma 3.2. Let G be a l.c. group. IfĜ G fin has non-empty interior inĜ G, then for some d A N the class of 1 G belongs to the interior of dĜ G inĜ G.
Proof. Let U 0 be the interior ofĜ G fin . By [Di] , 3.4.13, 3.2.2, U 0 is a Baire space. nĜ G is closed inĜ G by [Di] , 3.6.3, hence there exists n A N such that nĜ G has non-empty interior inĜ G. Let U be the interior of nĜ G.
Put S ¼Ĝ G n 2nĜ G. Assume that 1 G is weakly contained in S (i.e. its class does not belong to the interior of 2nĜ G). In the following, we will use the same letter for a representation and its equivalence class.
Fix some p A U and put S 1 ¼ fs n p : s A Sg. Then p is weakly contained in S 1 . By [Di], 3.4.4, 3.4.6 , this is equivalent to p A S s A S suppðs n pÞ À .
Since U is open, it follows that U X suppðs n pÞ 3 j for some s A S.
ker t. Since s; p are irreducible, hence cyclic, it follows that s n p is cyclic. I U is a closed ideal in C Ã ðGÞ. By [Di] , 2.11.7, we get a decomposition s n p ¼ p 1 l p 2 such that p 1 is non-degenerate on I U and ker p 2 M I U . If p 1 would be zero, then s n p ¼ p 2 would be weakly contained inĜ GnU, contradicting the choice of s. 
ðe i n e i Þ defines an embedding of H s into H s n H p n H p that realizes s as a subrepresentation of s n p n p. By assumption, s is irreducible with dimension at least 2n þ 1, hence it cannot be equivalent to a subrepresentation of p 1 n p ( [Di] , 3.6.2). By [Di] , 5.2.1, it follows that the image of H s is orthogonal to
Then we get for all j:
This would mean H p 1 ¼ ð0Þ and gives a contradiction.
Lemma 3.3. a) Let H be a l.c. group that is compactly generated, IN and type I. Then there exists a maximal compact normal subgroup K in H. b) Let G be a l.c. group of type I such thatĜ G fin has non-empty interior inĜ G. N denotes the von Neumann kernel of G. Then G=N is an amenable SIN-group.
See [Di] , 13.9.4 and [Pa] , p. 691 for the notion of type I-group. Recall that for second countable IN-groups, CCR is equivalent to type I ( [Pa] , p. 719).
Proof. a) By [GM] , Th. 2.13, the IN-group H has an open normal subgroup H 1 that is almost connected. H=H 1 is discrete, finitely generated and type I ( [Pa] , p. 724). We can apply Thoma's theorem ( [T] ), to get an abelian subgroup H 2 =H 1 of finite index. We can assume that H 2 is open and normal in H. The group H 2 =H 1 is again finitely generated (see e.g. [MS] ). By the structure theorem for finitely generated abelian groups, the torsion subgroup K 2 of H 2 =H 1 is finite. Since K 2 is characteristic in H 2 =H 1 , it is normal in H=H 1 . If K 3 is any finite subgroup of H=H 1 , containing K 2 , then jK 3 =K 2 j e jH=H 2 j. It follows that H=H 1 has a maximal finite normal subgroup K 1 =H 1 . Then K 1 is again almost connected, hence it has a maximal compact normal subgroup K (Iwasawa; but this case follows also from [GM] , Th. 2.9). It is easy to see that K is a maximal compact normal subgroup of H. b) Replacing G by G=N, we may assume that G is maximally almost periodic (MAP-see [Pa] for references). By Lemma 3.2, the trivial representation 1 G belongs to the interior of dĜ G (inĜ G) for some finite d. It follows that there exists a compact subset C of G and e > 0 with the following property: if p AĜ G has a normalized coe‰cient v such that jvðxÞ À 1j < e for all x A C, then the dimension of p is at most d. By enlarging C, we may assume that it is an e-neighbourhood.
Let H be the subgroup generated by C. Then H is open in G. Let r G; H be the (left) regular representation of G on l 2 ðG=HÞ. The indicator function of fHg is an H-fixed cyclic vector for r G; H , the corresponding coe‰cient is w H , the indicator function of H. The set of H-fixed normalized positive definite functions on G (i.e. those taking only the value 1 on H ) is w Ã -closed, convex and extremal in the unit ball of BðGÞ. By the Krein-Milman theorem, it follows that w H can be approximated by convex combinations of extreme points of this set. By the construction of H, these come from representations of dimension bounded by d. Hence r G; H À C Ã ðGÞ Á satisfies a standard polynomial identity.
Put H 0 ¼ ker r G; H (group kernel, i.e. considering r G; H as a homomorphism on G!). By Schlichting's result ( [S] , Satz 1), G=H 0 has an abelian subgroup of finite index. Thus, there exists a subgroup G M G 1 M H 0 such that G=G 1 is finite and G 1 =H 0 is abelian. We may assume that G 1 is normal in G and open. Put
H 1 is a compactly generated MAP-group. By [Di] , 17.3.7, it is a SIN-group. Since G is type I, the same is true for H 1 (see [Pa] , p. 724 and [Di] , 9.5.9). By a), H 1 has a maximal compact normal subgroup K. Then K is characteristic in H 1 . This entails that K is G 1 -invariant. The subgroup KV (which is a direct product, since clearly K X V is trivial) is open in H 1 ( [GM] , Th. 2.9). By [RW] , Th. 1, G 1 acts on V as a finite transformation group, consequently, V is a SIN G 1 -group. Since G 1 is a MAP-group, K is isomorphic to a normal subgroup of the Bohr compactification bG 1 . Thus, the G 1 -orbits inK K are finite, consequently, K is a SIN G 1 -group. This entails that KV is a SIN G 1 -group and, since KV is open in H 1 and H 1 is open in G 1 , it follows that G 1 is a SIN-group. G=G 1 is finite, thus G is a SIN-group. Since G 1 =H 1 and V are abelian, K is compact, H 1 =KV is a finite extension of an abelian group (see the proof of a)), it follows that G is amenable.
Proof of Theorem 3.1. Corollary 2.5 gives su‰ciency of the condition on G.
For the converse, assume that Z À C Ã ðGÞ Á is non-trivial and take u A Z À C Ã ðGÞ Á with u 3 0. If p AĜ G, then pðuÞ is a scalar multiple of the identity. Since pðuÞ is compact, we see that pðuÞ 3 0 implies that p is finite dimensional. By Proposition 2.6, u is N-periodic and as in the proof of Proposition 2.3, we conclude thatĜ G fin has non-empty interior inĜ G. Since G is a CCR-group, it is type I ([Di], 5.5.2). By Lemma 3.3 b), G=N is an amenable SIN-group. Since ðG=NÞ^ðMĜ G fin Þ has non-empty interior inĜ G, the pair ðG; NÞ has property T. By Corollary 2.9, it follows that N has property T. We have seen at the beginning of the proof that any u A Z À C Ã ðGÞ Á is N-periodic. Combined with Proposition 2.4, we conclude that e N defines an isomorphism of the centers.
We will give now a more general version of the approach used in Theorem 3.1. This will be applied in Section 5. 
Note that this gives the same conclusion for f A C Ã ðGÞ and the C Ã -norm.
Proof. This is equivalent to the statement that
Proposition 3.7. Let G; M be l.c. groups, j: M ! G shall be a continuous homomorphism. Assume that M is a CCR-group. Let N be the closed normal subgroup of G generated by the image of the von Neumann kernel of M.
Á is non-trivial, then ðG; NÞ has property T and
(ii) Conversely, if N has property T, then the mapping e N of Proposition 2.4 defines an isomorphism between Z À C Ã ðG=NÞ Á and Z À C Ã ðGÞ Á .
Proof. Assume that a A Z À C Ã ðGÞ Á and that p AĜ G is such that pðaÞ is non-zero. Since a is central, we know that pðaÞ is a scalar multiple of the identity, hence invertible. Let ðu i Þ be a bounded approximate unit in L 1 ðMÞ. By Lemma 3.6, we can find some i for which p À jðu i Þ Ã a Á is invertible. Then p À jðu i Þ Á is invertible too. By Lemma 3.4, it follows that the support of p j is contained inM M fin . Thus, p j is trivial on the von Neumann kernel of M and it follows that N L ker p. This shows that fp AĜ G : pðaÞ 3 0g L ðG=NÞ^. By Proposition 2.6 a), we get that a is N-fixed and a A e N À C Ã ðG=NÞ Á . Since a ¼ e N t N ðaÞ and
Á is non-trivial, it follows from Proposition 2.6 b) that ðG; NÞ has property T.
Then (ii) follows from Proposition 2.4.
Losert, Center of group C Ã -algebras 4. On the structure of connected groups
As a preparation for the proofs of the theorems about almost connected groups in the next section, we give (and review) some structural properties. (It has turned out that the literature on this topic contains some wrong statements-see the Remarks 4. 3, 4.7, 4.9.) Recall the results of Iwasawa: any connected l.c. group G has a largest compact normal subgroup and a largest connected solvable normal subgroup, called the (connected) radical of G. Furthermore, there is also a largest solvable normal subgroup ( [I] , Th. 15, p. 552). We call it the non-connected radical of G (although, in some cases it may be connected as well). Similarly, there is the (connected) nil-radical (the largest nilpotent normal subgroup) and the non-connected nil-radical.
It follows from Yamabe's theorem, combined with ideas of Iwasawa and Pontryagin that a connected l.c. group G can be built up from a connected Lie group H and a (not necessarily connected) compact group L in the following way (see e.g. [Gl] , §1, where this corresponds to a (bi) compact-Lie decomposition of G; in [HM2] , L. 15, this is called an Iwasawa pair): one has a continuous injective homomorphism j: H ! G such that G ¼ jðHÞL, the subgroups jðHÞ and L commute and j À1 ðLÞ is discrete (L can be found inside of an arbitrary prescribed neighbourhood of the identity, by [I] , Th. 11, p. 547). In [Ma] a group (like jðHÞ) that arises as the image of a connected Lie group under a continuous homomorphism is called a Lie subgroup of G. Thus the subgroup jðHÞ of G (which is not closed in general) can be equipped with another topology (which is more fine in general) making it a Lie group. In [Ma] , p. 264, this is called the inner topology. In other words, G G ðH Â LÞ=D 1 for some discrete central subgroup D 1 (see the proof of Corollary 4.2). This gives also a more explicit way to represent G as a projective limit of connected Lie groups (by representing L in this way).
Following [Gl] , 1.4 and [Ri] , 3.1, a l.c. group is called semisimple, if it has no nontrivial connected normal solvable subgroup. In [Ma] , Th. 3 one can find a generalization of the Levi decomposition to connected l.c. groups. But (as already noted in [Wu] , p. 335) the statement is wrong (the proof is based on a wrong result of Gotô )-see Remark 4.7.
Proposition 4.1 (''Levi decomposition''). Let G be a connected l.c. group, Q its maximal solvable normal subgroup (non-connected radical ). Then there exists an arcwise connected semisimple l.c. group M and a continuous injective homomorphism j: M ! G such that G ¼ jðMÞQ.
Proof. We assume that G ¼ ðH Â LÞ=D 1 as above. Then it is easily seen (since D 1 is central) that Q ¼ À QðHÞ Â ZðLÞ Á =D 1 (where QðHÞ denotes the non-connected radical of H; recall that QðLÞ ¼ ZðLÞ, the center of L, by [I] , L. 2.2, Th. 4 and the remark on p. 517). Let M 0 be a connected semi-simple Lie group with a continuous injection j 0 such that j 0 ðM 0 Þ is a Levi subgroup of the Lie group H ( [Var] , 3.18.13) and put If M is a Lie group, then D is discrete.
Some further properties follow from the explicit description of M and Q in the proof of Proposition 4.1 (see [Po] , Prop. 3.2 for the case of connected Lie groups):
Á Þ has finite index in ZðMÞ (use e.g. [Ho] , XVIII, Prop. 4.1; R ¼ Q denotes the connected radical of G ) and ZðGÞR has finite index in Q; the groups Q and ZðGÞ ð¼ j À ZðHÞ Á ZðLÞÞ are compactly generated (use [Ho] , XVI, Th. 1.2); the quotient of M by the kernel of the action on Q (i.e.
is a Lie group (semisimple, with finite center).
Proof. j À1 ðQÞ is a closed, solvable, normal subgroup of M, hence totally disconnected and central. On the other hand, ZðMÞ maps to a central subgroup of G=Q and, since ZðG=QÞ is trivial, we get j À1 ðQÞ ¼ ZðMÞ or equivalently, jðMÞ X Q ¼ j À ZðMÞ Á . Clearly, j: ðx; yÞ 7 ! jðxÞy defines a continuous homomorphism M b Q ! G with
Hence D is abelian, totally disconnected and normal in M b Q. Since Q is a closed subgroup of the connected group G and M is connected, both groups are s-compact. It follows that the algebraic isomorphism between ðM b QÞ=D and G that is induced by j is a homeomorphism. Since D is abelian and normal, the action of M b Q by inner automorphisms induces an action of G on D. Since G is connected, it follows that this action has to be trivial, hence D is central. Since D is isomorphic to j À1 ðQÞ, it follows that if M is a Lie group (which entails that ZðMÞ is discrete), then D is discrete.
Remark 4.3. By analogy to the Lie group case, we call M (resp. jðMÞ) a Levi subgroup of G. Further comments will be given in Remark 4.7, together with an example where the connected radical is insu‰cient to get a decomposition as in Proposition 4.1 (even if M is only required to be connected instead of arcwise connected).
It can be shown that for a connected semisimple l.c. group M the following properties are equivalent:
where H; L are connected and semisimple, H is a Lie group, L is compact and D is a discrete central subgroup.
In particular, it follows from d) that M is the quotient of a product of simple Lie groups with respect to a totally disconnected normal subgroup.
Lemma 4.4. Let G 1 be an almost connected l.c. group, G 2 shall be a Lie group, j: G 1 ! G 2 a continuous homomorphism. Then there exists a compact normal subgroup L of G 1 with L L ker j and such that G 1 =L is a Lie group.
Proof. Since G 2 is a Lie group, there exists a neighbourhood U of the identity that contains no non-trivial subgroups. By Yamabe's theorem, there exists a compact normal subgroup L of G 1 with L L j À1 ðUÞ and such that G 1 =L is a Lie group.
Proposition 4.5. Let H be a l.c. group, M a connected semisimple l.c. group, j: M ! H a continuous homomorphism such that jðMÞ is dense. Put Q ¼ ZðHÞ (center). Then H ¼ jðMÞQ and Q coincides with the non-connected radical of H.
Proof. Using [Ri] , 3.7, we may assume that j is injective. Let Q 1 denote the nonconnected radical of H.
First, we consider the case that H is a Lie group. Then, by Lemma 4.4, M is a Lie group as well and jðMÞ is a dense analytic subgroup of H. By [Ho] , XVI, Th. 2.1, we have ½H; H ¼ ½ jðMÞ; jðMÞ ¼ jð½M; MÞ (this denotes the algebraic commutator group). Since M is semisimple, we know that ½M; M ¼ M ( [Var] , 3.18.10). Passing to the Lie algebra of H and its Levi decomposition ( [Var] , 3.14.3, 3.14.1), we see that jðMÞ is a Levi subgroup of H and that Q 1 (the identity component of Q 1 , this coincides with the connected radical of H ) is central. Thus, the Lie algebra of H is reductive. Since H ¼ jðMÞQ 1 and a solvable normal subgroup of jðMÞ is always central, it follows that Q 1 ¼ Z À jðMÞ Á Q 1 , hence Q 1 is central as well. This finishes the proof in the case where H is a Lie group. Furthermore, if H is a semisimple Lie group, our argument shows that H ¼ jðMÞ, i.e. j is surjective.
In the general case, note that H is necessarily connected and let L be a compact normal subgroup of H such that H=L is a Lie group. Q 1 L=L belongs to the non-connected radical of H=L, hence it is central, i.e. ½H; Q 1 L L. In the limit, we see that again Q 1 is central, i.e. Q 1 ¼ Q.
To show that H ¼ jðMÞQ, we assume first that M is a Lie group. We may pass to H=Q, i.e. we assume that the non-connected radical is trivial. Using the structure theorem for connected groups mentioned before Proposition 4.1 ( [Gl] ), we have H G ðH 1 Â LÞ=D where H 1 is a Lie group, L is compact and D is central. Since H 1 and L embed into H, their centers are trivial, hence D has to be trivial, i.e. H G H 1 Â L. Considering H=H 1 G L, with the canonical projection p H 1 : H ! L, it follows from classical results on semisimple Lie groups (''Segal-von Neumann theorem'', see e.g. [War] , 4.3.2, Ex. 4 or use [Var] , 4.11.6) that M=j À1 ðH 1 Þ is compact. Then density of jðMÞ entails that p H 1 j is surjective, in particular, L is a Lie group. Thus H is a Lie group (semisimple, since Q is assumed to be trivial) and from the first part, we get jðMÞ ¼ H.
Finally, in the general case for M, letK K be a compact normal subgroup of M such that M=K K is a Lie group and put K 1 ¼ jðK KÞ. Then K 1 ðL jðMÞÞ is compact and normal in H (because jðMÞ is dense). To show that H ¼ jðMÞQ, we want to replace H by H=K 1 to reduce the argument to the case where M is a Lie group. For this we will show that p K 1 ðQÞ ¼ ZðH=K 1 Þ (again p K 1 : H ! H=K 1 denotes the canonical projection). By a result of Iwasawa ([Ri] , 1.4), we have H ¼ C H ðK 1 ÞK 1 (where C H ðK 1 Þ denotes the central- If M is a (semisimple) Lie group, then D is discrete.
If K is a closed subgroup of M with K M ZðMÞ, then (by restriction of the isomorphism of H above), jðKÞ ¼ jðKÞQ G ðK Â QÞ=D.
Note that the last statement applies in particular to the group K in the Iwasawa decomposition M ¼ KAN, since (e.g. by [He] , VI.1.1) ZðMÞ L ZðKÞ.
Proof. The description of H is shown as in the Corollary 4.2. The same for discreteness of D if M is a Lie group. Since jðMÞ (whose preimage in
is assumed to be dense in H, it follows from the properties of the quotient topology that the projection of D to Q has to be dense. Since D is central, we have D L ZðMÞ Â Q. This gives combined Q ¼ j À ZðMÞ Á . In the same way, one gets the description of jðKÞ.
Remark 4.7. Conversely, to construct examples, we take a closed normal subgroup D of M Â Q 1 (M; Q 1 l.c., M semisimple, connected) and study now the l.c. group ðM Â Q 1 Þ=D. We assume that the projection of D to Q 1 is dense, then (and only then) the canonical embedding of M into M Â Q 1 gives rise to a continuous homomorphism of M to a dense subgroup of ðM Â Q 1 Þ=D. We can (and will) always assume that D X À M Â ðeÞ Á and D X À ðeÞ Â Q 1 Á are trivial (otherwise, one can pass to quotients of M and Q 1 ). Then it follows that D has to be central (take commutators with elements of M Â ðeÞ and ðeÞ Â Q 1 ) and this entails that D is totally disconnected and that Q 1 is abelian. The center of ðM Â Q 1 Þ=D (which coincides with the non-connected radical, by Proposition 4.5) is À ZðMÞ Â Q 1 Á =D and the connected radical (which coincides with the identity component of the center) is the image of the closure of D Á À ðeÞ Â Q 1 Á (by [Ri] , Cor. 3.8). In particular, ðM Â Q 1 Þ=D is semisimple i¤ Q 1 is totally disconnected. By [Ri] , Th. 3.13, ðM Â Q 1 Þ=D is semisimple and arcwise connected i¤ M is arcwise connected and the projection of D to
One can view D as the graph of an injective homomorphism j, mapping a subgroup of ZðMÞ to a dense subgroup of Q 1 . In [Gl] , 1.2, ðM Â Q 1 Þ=D is called a ''properly attached product'' and j the ''attaching homomorphism'' (if one identifies M and Q 1 with their images in ðM Â Q 1 Þ=D, then the domain of definition of j is just the intersection of these subgroups of ðM Â Q 1 Þ=D).
The image of Q 1 in ðM Â Q 1 Þ=D is closed if and only if the projection of D to M (i.e. the domain of definition of the attaching homomorphism j) is a closed subgroup in ZðMÞ. In this case, the mapping of Q 1 to ðM Â Q 1 Þ=D obtained by embedding and projection is a homeomorphism onto its image i¤ j is continuous (equivalently, one can require that Q 1 is compactly generated or that D is compactly generated). If M is a Lie group, then ZðMÞ is discrete, hence these conditions on D and j are automatically satisfied. ZðMÞ is finitely generated (use e.g. [Ho] , XVI, Th. 1.2), thus Q 1 has to be topologically finitely generated (see also [Gl] , L. 7, p. 166).
In particular, if H is given as in Proposition 4.5 and Corollary 4.6, then jðxÞ ¼ jðxÞ À1 and j is defined and continuous on all of ZðMÞ. In general, one can replace Q by smaller groups to build up H upon jðMÞ (resp. to build up Q upon j À ZðMÞ Á )-but R ¼ Q can be too small. The compactly generated group 
The compact group Q td is a ''non-connected ingredient'' and in general, it cannot be dropped completely from the decomposition. (Hence this is di¤erent from the Lie group case considered in [Wu] , Prop. 1.4, see also [Wu] , Prop. 1.9; note that the splitting factor Q td is not uniquely determined in general, and for the purpose of generating H or Q, the group Q td can be replaced by any of its closed subgroups of finite index.) Alternatively, there is also a representation in the style of [Po] , Th. 1.3: H ¼ jðMÞK 1 where K 1 is an abelian connected compact group (one can take e.g. K 1 ¼ ZðK 2 Þ where K 2 denotes a maximal compact subgroup of H ), but in general, K 1 will not be contained in the center of H.
Dense embeddings between Lie groups have been described rather thoroughly in [Po] . An explicit example of the situation in Proposition 4.5 (where H is still a Lie group but not semisimple) appears in [Var] , Exerc. 47, p. 256, other examples can be found in [Wu] , 1.5 and 1.13. If just M is a Lie group, the groups H of Proposition 4.5 (and Corollary 4.6) were called almost reductive in [Wu] .
In the terminology of [Mosk] , H belongs to the class of pro-reductive groups (and semisimple connected l.c. groups are called pro-semisimple there). The examples that we just mentioned exhibit an error in [Mosk] , Cor. 2.7 (iii): if G is a pro-reductive group and ½G; G is dense in G, then G need not be a semisimple group (the error in the proof comes from the statement ''if G is a reductive connected Lie group, then ½G; G is closed'', which need not be true if one admits groups where ZðGÞ is infinite). A similar error appears in [War] , 1.1.5.6, p. 44: closedness of G and finiteness of G X C do not follow from the assumptions (1), (2) on p. 43 (again one can use the example above; the proof needs that Z is closed in G which, e.g. by Corollary 4.6, already implies that G is closed).
Note that if M is arcwise connected, then Proposition 4.5 gives just the Levi decomposition of H, as described in Proposition 4.1. The Levi subgroup is unique in this casesee below.
To get a typical example about the complications that can arise in the case of general connected l.c. groups, let M be a (connected) simple Lie group with infinite center. It is easy to see that Q 1 ¼ D p Â ðR=ZÞ is monothetic (D p denotes the p-adic integers; ð1; a þ ZÞ, where a is irrational, generates a dense subgroup of Q 1 ). If one attaches this to M (by mapping an infinite cyclic subgroup of ZðMÞ to a dense subgroup of Q 1 ), then the image of M becomes a Levi subgroup, R ¼ R=Z is the connected radical, H 3 jðMÞR and jðMÞ is not strictly contained in the continuous homomorphic image of any semisimple connected l.c. group (arcwise connected or not-one can show that any such group is obtained by adding to jðMÞ a compact subgroup of Q 1 that is topologically generated by some subgroup of j À ZðMÞ Á ; but in this example there is no non-trivial totally disconnected subgroup of this type). We have H ¼ jðMÞD p R, i.e. we can take Q td ¼ D p as auxiliary compact totally disconnected factor. Hence (as promised before Proposition 4.1), this gives a counterexample to the statement of Matsushima [Ma] , Th. 3 and also to [Ma] , Th. 1 (see Remark 4.9 below). If A denotes a one-parameter subgroup of M containing the cyclic subgroup of ZðMÞ considered above, then K 1 ¼ jðAÞD p R is an abelian connected compact group (product of a p-adic solenoid and a torus), but not central, and H ¼ jðMÞK 1 is a representation in the style of [Po] . Another counterexample can be obtained from [Ri] , Ex. 4.9. In this case, jðMÞ is closed (i.e. M is isomorphic to a subgroup of G ). This shows that even jðMÞR can be a proper subgroup of G.
In the general case of a connected l.c. group (Proposition 4.1), there is an interpretation related to the attached products. Let M denote a Levi subgroup, R the connected radical. We apply Lee's theorem ([HM1] , Th. 9.41) to the compact part of ZðGÞ. If C is a supplementary subgroup for the identity component, then C is a compact, totally disconnected, central subgroup of G and RC is open in Q. Thus, G ¼ jðMÞRC and [Ri] , Ex. 4.9 for an explicit example). Hence, again we have such a ''non-connected ingredient'', a compact, central, totally disconnected subgroup that is needed (in general) to bridge the gap between jðMÞR and G. Note that in this case, D 2 is not necessarily the graph of a mapping M ! RC, since R X C need not be trivial (more accurately, D 2 describes the composition of two attachings). The projection of D 2 to R need not be central in G (take e.g., G the group of complex, invertible 4 Â 4-matrices A B 0 D , M ¼ SLð2; CÞ 2 embedded in the obvious way, then the diagonal matrix with entries ð1; 1; À1; À1Þ belongs to ZðMÞ X R but not to ZðGÞ).
If G is locally connected (and connected, l.c.) the situation is easier: if G ¼ jðHÞL is any compact-Lie decomposition, then one can show that G ¼ jðHÞL (and L is open in L and locally connected), i.e. G decomposes into connected groups. Hence in this case one gets also a Levi decomposition G ¼ jðMÞR as in the Lie case (but observe that R need not be locally connected, even if G is arcwise connected, see [HM1] , 9.67, 9.62; similarly with Proposition 4.5). Recall that an arcwise connected l.c. group is locally connected (by [Ri] , Cor. 2.6), but the converse is not true (see [HM1], 8.36 ; note that Th. 7 and 8 of [Gl] , saying the contrary, are wrong); in the metric (connected, l.c.) case the two notions coincide (using [HM1] , Th. 9.68).
More generally, G ¼ jðMÞR holds i¤ the semisimple group G=R is arcwise connected (G=jðMÞR G Q=j À ZðMÞ Á R G C=C X À jðMÞR Á is isomorphic to the group of arc components of G=R; for one direction see also [Ri] , L. 4.6).
Of course, our definition extends the notion of Levi subgroups in the Lie group case ( [Var] , Th. 3.18.13). One can show that if M is an arcwise connected l.c. group, then jðMÞ is a Levi subgroup of the connected, l.c. group G i¤ its image is a Levi subgroup in every Lie quotient G=L (L compact, normal in G ). It follows from the standard approximation techniques that M (resp. its isomorphism class) is uniquely determined and any two embeddings as in Proposition 4.1 are linked by an inner automorphism of G that is defined by an element of R (or even ½G; R; possibly combined with an automorphism of M ).
Another approach would be to consider the (topological) Lie algebra of G in the sense of Gluškov and Lashof. It can be written as a product of finite dimensional algebras and M can be obtained by combining Levi subalgebras in these factors.
But note that a Levi subgroup M need not be maximally semisimple, i.e. there can be continuous homomorphic images of semisimple connected l.c. groups that are strictly containing jðMÞ. But there cannot be images of arcwise connected groups with this property.
Lemma 4.8. Let M be a semisimple connected l.c. group, K 0 shall denote its maximal connected compact normal subgroup. Let M nc be defined as the identity component of the centralizer of K 0 . Then M nc is a connected closed normal subgroup of M. It has no non-trivial compact quotients. M ¼ M nc Á K 0 . The group M nc X K 0 is central in M and totally disconnected.
Proof. M ¼ M nc Á K 0 results from [Ri] , Th. 1.4 (essentially due to Iwasawa). M nc X K 0 is clearly central in M and normal in M, hence totally disconnected (since M is semisimple). The maximal compact normal subgroup of M nc is normal in M (since it is characteristic in M nc ), hence it is contained in K 0 , thus totally disconnected. By [Ri] , L. 3.16, M nc has no non-trivial compact quotients.
Remark 4.9. We call the group M nc the non-compact part of M. The quotient M nc =ðM nc X K 0 Þ ðGM=K 0 Þ is a Lie group, hence M nc is finite dimensional ( [Ri] , Def. 2.1). By [Ri] , L. 3.17, M nc contains any subgroup of M that is the continuous homomorphic image of a connected semisimple l.c. group without non-trivial compact quotients (in [Ri] , these are called groups that have no compact factors). By [Ri] [Ma] needs the following two corrections: In general, the decomposition cannot be achieved with the connected radical (unless G=R is locally connected)-Q denotes the non-connected radical. M 0 nc X K 0 need not be finite in general.
As an example for the last statement take
SUðnÞ. Then ZðK 0 Þ contains an infinite cyclic subgroup which can be attached to a simple connected Lie group with infinite center. This produces also an example of a semisimple, arcwise connected l.c. group M where M nc is not arcwise connected, i.e. M 0 nc is not closed and the equivalent conditions of [Ri] , Th. 3.18 are not satisfied.
The decomposition of Lemma 4.8 allows a further reduction in the representations that were discussed in the Remarks 4.3 and 4.7: In Remark 4.7, we arrived at
is topologically finitely generated. Thus Q td can be replaced by a topologically finitely generated subgroup. Similarly, in the representation G ¼ jðMÞRC derived from Proposition 4.1, one can assume that C is topologically finitely generated (compare [Gl] , L. 7, p. 166).
Lemma 4.10. Let G be a connected l.c. group with Levi decomposition jðMÞQ (Proposition 4.1). Let H be a non-empty subset of Q, M 1 shall be a closed normal subgroup of M. Then jðM 1 ÞH is a closed subset of G if and only if j
Proof. We start with the case H ¼ Q. Using Corollary 4.2, we may assume that
Since M 2 is also a closed normal subgroup of M, we have the same formula for M 2 . Then M ¼ M 1 M 2 gives M=ZðMÞ G M 1 =ZðM 1 Þ Â M 2 =ZðM 2 Þ and this holds topologically as well, since the groups are s-compact. It follows from this decomposition of M=ZðMÞ that the image of M 1 in M=ZðMÞ is closed, hence M 1 ZðMÞ is closed in M. This proves the case H ¼ Q. In particular, we get that jðM 1 ÞQ is (topologically) isomorphic to ðM 1 b QÞ=D 1 , where D 1 ¼ D X ðM 1 Â QÞ and the isomorphism is induced by p 1 , the restriction of p. Thus (in the general case) jðM 1 ÞH is closed in G i¤ it is closed in jðM 1 ÞQ and this is equivalent to p
Remark 4.11. The proof shows that closedness of M 1 ZðMÞ is necessary and su‰-cient for jðM 1 ÞQ to be closed in G (here, M 1 can be any non-empty subset of the group M ).
Corollary 4.12. Let N 1 be the non-connected nil-radical of G, then jðM nc ÞQ, jðMÞN 1 , jðM nc ÞN 1 are all closed in G.
Proof. We get from the properties noted after Corollary 4.2 that jðMÞ X ZðGÞ (which is contained in N 1 ) has finite index in jðMÞ X Q and the claim follows easily.
Corollary 4.13. If G is a connected Lie group with connected radical R and connected nil-radical N 0 , then jðM nc ÞR, jðMÞN 0 , jðM nc ÞN 0 are all closed in G.
To show that this is satisfied for H ¼ N 0 (the case H ¼ R is trivial), let H 1 be the closure of À jðM 1 Þ X R Á N 0 . Since (as above), jðM 1 Þ X ZðGÞ has finite index in jðM 1 Þ X Q, we conclude that jðM 1 Þ X ZðGÞ X R has finite index in jðM 1 Þ X R and it follows that H 1 has a nilpotent subgroup of finite index that is normal in G, thus H
Remark 4.14. It is easy to see that jðM nc ÞQ and jðM nc ÞN 1 need not be connected (e.g. if M is compact). We have
(with K 0 as in Lemma 4.8).
If G is just arcwise connected, then jðM nc ÞR is not always closed. An example can be constructed similarly as in Remark 4.9.
A special case of Corollary 4.13 is in [Wu] , L. 2.10.
Almost connected groups
Recall that a l.c. group G is called almost connected if G=G is compact, where G denotes the connected component of the identity in G. This is another case where a converse to Corollary 2.5 holds.
Theorem 5.1. Assume that the l.c. group G is almost connected. Then C Ã ðGÞ has nontrivial center if and only if G has a closed normal subgroup N with property T and such that G=N is an IN-group.
Á is non-trivial, one can take N as the closed normal subgroup generated by jðM nc Þ, the non-compact part of a Levi subgroup M of G (the identity component of G ). Then the mapping e N of Proposition 2.4 defines an isomorphism between Z À C Ã ðG=NÞ Á and
See Proposition 4.1 (and Remark 4.3) for Levi subgroups and Lemma 4.8 for the non-compact part. The closed normal subgroup N which is generated by jðM nc Þ will be described more explicitly in Corollary 5.5. From Corollary 5.3 it will follow that N has property T if and only if M nc has property T (by minimality of N, we have ½N; N ¼ N). Since M=M nc is compact, this is equivalent to saying that M has property T. Consequently, this part of the requirement in Theorem 5.1 reduces to a question about connected semisimple Lie groups. (See [HV] , Ch. 2 and 9 for a presentation of results about this.) At the end of the paper we will describe more explicitly the remaining condition given in Theorem 5.1 (namely that G=N shall be an IN-group) and the elements of the center.
Proof. Corollary 2.5 gives su‰ciency of the condition on G and (assuming that N has property T) 
For the converse, assume that Z À C Ã ðGÞ Á is non-trivial. M nc is always a CCR-group: if p 2M M nc , then (e.g. by [Mi] ) there exists a compact normal subgroup L of M nc such that L L ker p and M nc =L is a Lie group; for a connected semisimple Lie group H, the CCRproperty follows from [HC] , Th. 6, p. 230-there are even stronger quantitative results in other papers of Harish-Chandra, but the CCR-property alone can be deduced from the finite multiplicity property by the argument in [Di] , 15.5.1, if one embeds H into a (reductive) group ðH Â Q 1 Þ=D, making the center compact.
Since M nc has no non-trivial compact quotients, the Segal-von Neumann theorem implies that it coincides with its von Neumann kernel (M nc is a ''minimally almost periodic group''). By Proposition 3.7 (i) (applied with M nc ), it follows that ðG; NÞ has property T. If K 0 denotes the maximal connected compact normal subgroup of M, then M ¼ M nc Á K 0 (Lemma 4.8). Hence G =N is isomorphic to a quotient of jðK 0 ÞQ. Since this is amenable (see [Gr] , §2.3), it follows that G=N is amenable. By Corollary 2.9, we get that N has property T.
Since Z À C Ã ðG=NÞ Á is non-trivial, it follows from Corollary 1.2 that G=N is an INgroup.
Theorem 5.2. Let G be an almost connected l.c. group. Let M (resp. jðMÞ) be a Levi subgroup for the identity component G , M nc shall denote the non-compact part of M and N denotes the closed normal subgroup of G generated by jðM nc Þ. Then G has property T if and only if M has property T and G=N is compact.
Corollary 5.3. Let G be a connected l.c. group with connected radical R. Assume that G=R has no non-trivial compact quotients (i.e. ðG=RÞ nc ¼ G=R). Put G ð1Þ ¼ ½G; G and G ð2Þ ¼ ½G ð1Þ ; G ð1Þ . Then G has property T if and only if G=R has property T and G=G ð2Þ is compact.
If R is nilpotent, compactness of G=G ð1Þ is su‰cient (instead of G=G ð2Þ ).
Theorem 5.2 slightly generalizes Th. 1.9 of [Wan2] . The proof there was based on results of Moore on the Mautner phenomenon and arguments about algebraic groups. We will give here a more direct approach based on [GMR] (see step b) of the proof of our Lemma 5.7). In [Wan2] analogous results have been given for connected linear algebraic groups over nonarchimedian locally compact fields. In a similar way, one can prove a statement corresponding to Theorem 5.1 for linear algebraic groups over a field of p-adic numbers. More special examples of non-semisimple connected Lie groups with property T have been given in [Wan1] , Th. 4.2 and [Z], 7.4.4. Again, the proofs of Theorem 5.2 and Corollary 5.3 will be given later. First, we have two lemmas. We consider a group M acting on a group Q by automorphisms. The action is denoted by g x ðg A M; x A QÞ. For x; y A Q, we put ½x; y ¼ xyx À1 y À1 (e.g. as in [Var] , p. 240) and for g A M, we write ½g; x ¼ ðg xÞx À1 . Furthermore, we put Q M ¼ fx A Q : g x ¼ x for all g A Mg (the group of M-fixed points in Q), and ½M; Q denotes the subgroup of Q generated by f½g; x : g A M; x A Qg.
Lemma 5.4. Let Q be a l.c. group such that Q is solvable, M shall be a connected semisimple l.c. group. Assume that ðg; xÞ 7 ! g x is a jointly continuous action of M on Q by automorphisms and define Q M and ½M; Q as above. Then the following properties hold:
(ii) ½M; Q is a connected, nilpotent, normal and M-invariant subgroup of Q.
Proof. a) First, we prove (i) if Q is a connected Lie group (this will be our main application in Lemma 5.5). b), c) will cover the remaining cases for (i). We use induction on the degree of solvability of Q.
If Q is abelian, its universal covering groupQ Q is a finite dimensional real vector space and we have a representation of M (and its Lie algebra) onQ Q. By Weyl's theorem ( [Var] , Th. 3.13.1), the representation is semisimple and (i) follows easily from this (Q Q M and ½M;Q Q are M-invariant linear subspaces, their projections to Q give Q M and ½M; Q).
In the general case, put Q ð1Þ ¼ ½Q; Q. If x A Q, then by the previous argument, 
We know that L is abelian ( [I] , L. 2.2 and the Remark on p. 517). Hence, the action of the connected group M on L is trivial ( [I] , Th. 4). Let Q x; L be the closed subgroup generated by x and L. Then Q x; L is M-invariant. A continuous automorphism j of Q x; L that is the identity on L is uniquely determined by jðxÞ. If we require in addition that jðxÞ A xL, an easy computation shows that the group of these automorphisms is abelian. Since M has no non-trivial continuous homomorphism into an abelian group ( [Ri] , Th. 3.7), it follows that the action of M on Q x; L is trivial, thus
c) Finally, we consider the case where Q is a Lie group. We claim that Q ¼ Q Q M (combined with a) this will finish the proof of (i), since we can apply it to Q=K 0 , where K 0 denotes the maximal compact normal subgroup of Q and by b), xK 0 A ðQ=K 0 Þ M implies x A Q M Þ. First, observe that the induced action of M on the totally disconnected group Q=Q must be trivial. Fix x A Q. Then ½M; x L Q . Assume that Q 0 is a closed connected M-invariant subgroup of Q such that ½M; x L Q 0 . We will prove that this implies x A Q 0 Q M , by induction on the degree of solvability of Q 0 .
We start with the case that Q 0 is abelian. By b), we may assume that Q 0 is torsion free, i.e. there is an isomorphism c: Q 0 ! R n (for some n f 0) and this gives an action of M on R n . The case n ¼ 0 is trivial, since this implies that x A Q M . Thus, we assume n > 0. For g A M, we have ½g; x A Q 0 , then an easy computation shows that jðgÞ ¼ cð½g; xÞ defines a continuous crossed homomorphism j: M ! R n (i.e., jðg 1 g 2 Þ ¼ jðg 1 Þ þ g 1 jðg 2 Þ). Then we get a continuous action of M on R n Â R by g ðv; tÞ ¼ À g v þ tjðgÞ; t Á . The quotient of M by the kernel of the action is a Lie group by Lemma 4.4, hence it defines also an action of its Lie algebra m on R n Â R. Again using Weyl's theorem, this action of m is semisimple. Hence, the invariant subspace R n Â f0g has an invariant complement and the action of m on the complement is trivial which implies the same for the action of M. Taking ðv 0 ; 1Þ in the complement gives jðgÞ
In the general case, we put Q 1 ¼ ½Q 0 ; Q 0 . Then, by what we have just shown, there exists h A Q 0 such that
This means that ½M; x 1 L Q 1 . We can apply the inductive assumption, hence, there exists h 1 A Q 1 such that h À1 1 x 1 A Q M and this gives x A h 1 hQ M , proving our claim and finishing the proof of (i).
The group ½M; Q is connected by elementary topological arguments, since M is connected. M-invariance follows from g ½g 1 ; x ¼ ½gg 1 g À1 ; g x for g; g 1 A M, x A Q. Normality follows from y½g; xy À1 ¼ ½g;
To prove nilpotency of ½M; Q, we may, using (iii), assume that Q is connected. As in b), we know that K 0 , the maximal compact normal subgroup of Q, is central and clearly M-invariant. Hence, we may pass to Q=K 0 and assume that Q is a connected Lie group and then (by Lemma 4.4 and [Ho] , IX, Th. 1.2) that M is a Lie group. We consider M b Q, then Q is the connected radical of this group and it follows from [Var] , Th. 3.8.3 that ½M; Q is nilpotent. Thus all properties of (ii) are satisfied.
Corollary 5.5. Let G be an almost connected l.c. group with connected nil radical N 0 . Let M (resp. jðMÞ) be a Levi subgroup of G . Then the closed normal subgroup of G generated by jðMÞ coincides with the closure of jðMÞ ½ jðMÞ; N 0 . The closed normal subgroup generated by jðM nc Þ coincides with the closure of jðM nc Þ ½ jðM nc Þ; N 0 .
Proof. Let M 1 be the normalizer of jðMÞ in G. By the conjugacy result for Levi subgroups mentioned earlier, we have G ¼ M 1 Q. From Lemma 5.4, we get that ½ jðMÞ; N 0 ¼ ½ jðMÞ; Q is normal in Q. Hence jðMÞ ½ jðMÞ; N 0 is normal in G. It can be shown that any x A M 1 induces a continuous automorphism of M (the inner topology is uniquely determined). Hence M nc and jðM nc Þ are kept invariant and it follows as above that jðM nc Þ ½ jðM nc Þ; N 0 is normal in G. (If G is connected, this is much easier, since we can use the decomposition G ¼ jðMÞQ of Proposition 4.1 and do not need M 1 .) Remark 5.6. For the case of connected Lie groups, see also [Wan2] , L. 1.8. As mentioned in the proof above, we have ½ jðMÞ; N 0 ¼ ½ jðMÞ; Q.
The group ½M; Q in Lemma 5.4 need not be closed in general (the same for the groups ½ jðMÞ; N 0 or jðMÞ ½ jðMÞ; N 0 in Corollary 5.5). A counterexample can be obtained by starting with H, the classical Heisenberg group with one-dimensional center Z G R. There is an action of M ¼ SLð2; RÞ on H that is trivial on Z. Let Q be the group obtained by attaching a 2-torus T 2 to H so that Z gets mapped to a dense subgroup of T 2 . Then ½M; Q G H is not closed in Q (and MH is not closed in M b Q).
If G is a connected l.c. group, then [Most] defined the core G 1 of G as the maximal normal subgroup for which ½G 1 ; G 1 is dense in G 1 . This coincides with the closed normal subgroup generated by a Levi subgroup jðMÞ.
Lemma 5.7. Let Q be a l.c. group such that Q is solvable, M shall be a connected semisimple l.c. group without non-trivial compact quotients. Assume that ðg; xÞ 7 ! g x is a jointly continuous action of M on Q by automorphisms. Let u be a continuous positive definite function on Q which is M-fixed (uðg xÞ ¼ uðxÞ for g A M, x A Q). Then uðxÞ ¼ uðeÞ for all x A ½M; Q. (Hence u is ½M; Q-periodic.)
As mentioned before, this is related to the Mautner phenomenon ([Wan2] ).
Proof. a) By Lemma 5.4, we can assume that Q is connected, nilpotent and that ½M; Q is dense in Q. Furthermore, we may assume that u 3 0 and then that uðeÞ ¼ 1. Considering the representation of Q associated to u, it follows from [Mi] that there exists a compact normal subgroup L of Q such that Q=L is a Lie group and uðxÞ ¼ 1 for x A L. Let Q 1 be the closed subgroup of Q generated by S [Ri] , 3.7) and g x ¼ x for g A L 1 , x A Q=Q 1 . In this way, the proof can be reduced to the case where M and Q are Lie groups.
b)-f ). In the remaining part of the proof, we assume that M and Q are connected Lie groups (and still uðeÞ ¼ 1, Q is nilpotent, ½M; Q dense in Q). We use induction on the dimension of Q. Put k ¼ dim Q and assume that the result is correct for groups Q of smaller dimension. b) We consider the case that Q is abelian. Since Q is connected, the dual groupQ Q is torsion free, hence isomorphic to
Bochner's theorem, we have u ¼m m for some probability measure m onQ Q. The action of M on Q induces an action on R k (of the opposite group of M, to be exact). The measure m is M-invariant (by uniqueness). Let ðR k Þ c be the set of points with bounded M-orbits. Since M has no nontrivial compact quotients, it follows from [GMR] , Th. 8.4 that ðR k Þ c coincides with the set of M-fixed points ðR k Þ M . Since m is M-invariant, it follows from [GMR] , Th. 1.2 that the support of m is contained in ðR k Þ c . Consequently, if g A M, x A Q, then ½g; x is annihilated by all characters in supp m and this gives uð½g; xÞ ¼ 1 ¼ uðeÞ. (In fact, we do not need here the existence of layerings in the full generality of [GMR] , but only the case of a oneparameter linear transformation group on a vector space treated in sec. 8 of [GMR] , combined with arguments of the proof of the Segal-von Neumann theorem like [War] , 4.3.2, Ex. 4 or [Var] , 4.11.7). c) Assume that uðxÞ ¼ 1 for all x A Q 0 , where Q 0 denotes a non-trivial, connected, normal, M-invariant subgroup of Q (which can be assumed to be closed). Then u is Q 0 -periodic. Hence, we have an induced action on Q=Q 0 and u induces an M-fixed continuous positive definite function on Q=Q 0 . Thus, we can apply the induction hypothesis to Q=Q 0 and the lemma follows in this case. This applies in particular if uðxÞ ¼ 1 for all x A ZðQÞ (recall that ZðQÞ is connected by [Var] , 3.6.4, and it is clearly invariant). d) Applying b) to ZðQÞ, we see that uð½g; xÞ ¼ 1 for g A M, x A ZðQÞ. Let Z 1 be the closure of ½M; ZðQÞ. Then Z 1 is M-invariant and connected (Lemma 5.4), uðyÞ ¼ 1 for y A Z 1 (it is well known that the set where u ¼ 1 is always a group). Hence, if Z 1 is nontrivial, the lemma holds by c). Thus, we can assume that ½g; x ¼ e, i.e. g x ¼ x for g A M, x A ZðQÞ. e) For the next reduction, we consider the set P M ðQÞ ¼ fw : Q ! C: w continuous; positive definite; M-fixed; wðeÞ e 1g: P M ðQÞ is easily seen to be convex and w Ã -compact in BðQÞ (for fixed g A G, the corresponding automorphism of Q induces a Ã-automorphism of L 1 ðQÞ, hence also an automorphism of C Ã ðQÞ, and it follows that the dual mapping on BðQÞ is w Ã -continuous). Hence (using the Krein-Milman theorem), it is enough to show the lemma for the extreme points of P M ðQÞ (recall that for positive definite functions with wðeÞ ¼ 1, w Ã -convergence implies uniform convergence on compact sets-see [Di] , Th. 13.5.2). If u A P M ðQÞ is extremal and p denotes the corresponding representation with cyclic vector h, we claim that pðxÞ is a scalar multiple of the identity (hence in particular that juðxÞj ¼ 1) for x A ZðQÞ. Indeed, if not, then the von Neumann algebra generated by p À ZðQÞ Á contains a non-trivial projection P. Since P commutes with pðQÞ and h is cyclic, it follows that Ph 3 0; h. Then u 1 ðxÞ ¼ À pðxÞPh j h Á can be approximated by linear combinations of translates x 7 ! uðxyÞ where y A ZðQÞ. Since by d) g y ¼ y for g A M, y A ZðQÞ, it follows that u 1 is M-fixed. By [Di] , Prop. 2.5.1, we would get a non-trivial decomposition of u, contradicting extremality. f ) Put u 2 ðxÞ ¼ juðxÞj 2 . Then u 2 is again positive definite and M-fixed. Hence (assuming that u is extremal and that ZðQÞ is fixed by M ), we get from e) that u 2 ðxÞ ¼ 1 for x A ZðQÞ. Then c) gives u 2 ð½g; xÞ ¼ 1 for g A M, x A Q. Since we assume that ½M; Q is dense in Q, this gives juðyÞj ¼ 1 for all y A Q. By well known results, it follows that u is multiplicative. If Q is abelian, the lemma was obtained in b). Otherwise, let Q 0 be the closure of ½Q; Q. Then uðxÞ ¼ 1 for x A Q 0 , and Q 0 is M-invariant, so in this case the lemma follows from c). [HV] , Prop. 1.7 that M=ðK 1 D M Þ has property T and then from [HV] , Th. 2.12 that M=K 1 has property T. Thus, by [HV] , Prop. 1.9, M has property T. Since N contains jðM nc Þ, it follows e.g. from [Gr] , §2.3 that G=N is amenable. Combined with property T, compactness of G=N follows from [HV] , 1.5.
For the converse, assume that M has property T and that G=N is compact. As above, it is enough to show that N has property T. Let ðp i Þ i A I be a family of irreducible repre- Let H be the representation space of p. Then there exists a jðM nc Þ-fixed vector h A H with khk ¼ 1. Put uðxÞ ¼ À pðxÞh j h Á . Then u is a continuous positive definite function on Q N ¼ N X Q that is M nc -fixed (under the action induced by j). By minimality and normality, we have ½ jðM nc Þ; Q L N X Q. Hence, by Lemma 5.4, ½ jðM nc Þ; Q N ¼ ½ jðM nc Þ; Q. By Lemma 5.7, we have uðxÞ ¼ 1 for x A ½ jðM nc Þ; Q N and by Corollary 5.5, jðM nc Þ ½M nc ; Q is dense in N. Thus h is N-fixed and since p is irreducible, it follows that p ¼ 1 N .
Remark 5.8. It follows from the Segal-von Neumann theorem and compactness of G=N that for almost connected l.c. groups with property T, the group N coincides with the von Neumann kernel of G.
Lemma 5.9. Let H be a nilpotent l.c. group such that H=½H; H is compact. Then H is compact.
Proof. This is the analogue of a well known result for discrete groups, but we could not find a reference. By induction, it follows that H=N is compact, if N is a closed normal subgroup of N such that H=N has smaller order of nilpotency than H. If H 1 is defined by H 1 =ZðHÞ ¼ Z À H=ZðHÞ Á , then H 1 =½H; H 1 is central in H=½H; H 1 and we conclude (taking N ¼ ½H; H 1 ) that H=½H; H 1 is compact. From ½H; H 1 L ZðHÞ, we get ½x; y n ¼ ½x; y n for n A Z, x A H, y A H 1 . Furthermore, ½x; y depends only on the coset y½H; H 1 . Thus ½x; y is a compact element in the abelian group ½H; H 1 and it follows that ½H; H 1 is compact, hence H is compact.
Proof of Corollary 5.3. Let M; N be as in Theorem 5.2, Q denotes the non-connected radical of G. Since ½M; M ¼ M, it follows that N L G ð2Þ . If G has property T, then G=R has property T and (by Theorem 5.2) G=N is compact, hence G=G ð2Þ is compact.
Conversely, assume that G=R has property T. Then the same is true for G=Q G ðG=RÞ=ðQ=RÞ:
As in the proof of Theorem 5.2, we conclude that M has property T. Since M=j À1 ðQÞ G G=Q and j À1 ðQÞ is totally disconnected, it follows from [Ri] , L. 3.16 that M has no non-trivial compact quotients. Using Theorem 5.2, it will be enough to show that compactness of G=G ð2Þ implies compactness of G=N. Let N 1 be the closed normal subgroup of G generated by À jðMÞ X Q Á ½ jðMÞ; Q. Then N 1 L N X Q and by Corollary 5.5 and Lemma 4.10, we have N ¼ jðMÞN 1 . Hence, it will be enough to show that Q=N 1 is compact, thus we can replace G by G=N 1 ðN 1 L Q implies that the image of Q is the non-connected radical of G=N 1 and it can be shown that M=j À1 ðN 1 Þ resp. its image in G=N 1 is a Levi subgroup). Thus, we have reduced to the case where À jðMÞ X Q Á ½ jðMÞ; Q is trivial. By Corollary 4.2, this implies that G G M Â Q (direct product), hence G ð2Þ G M Â Q ð2Þ . Connectedness of G implies the same for Q and it follows that Q ð1Þ is nilpotent (if L is a compact normal subgroup of Q such that Q=L is a Lie group, then, as mentioned before, L is central and for Lie groups the statement follows from [Var] , Th. 3.7.6). Then, compactness of Q ð1Þ =Q
implies that Q ð1Þ is compact (Lemma 5.9), consequently Q is compact. This gives the desired conclusion.
If R is nilpotent, the same argument works if we assume only that G=G ð1Þ is compact (note that since the image of Q in G=N 1 is connnected, R maps to a dense subgroup).
Remark 5.10. Of course, the general case of an almost connected group G can be reduced (in principle) to the case described in Corollary 5.3 by considering G 1 ¼ À jðM nc ÞQ Á ¼ jðM nc ÞR (see Remark 4.14). G 1 is normal (use Corollary 5.5) and G=G 1 is compact (since jðMÞR is dense in G, j induces a surjective mapping of M=M nc to G=G 1 ). If G is a Lie group, we have G 1 ¼ jðM nc ÞR by Corollary 4.13.
It is easy to give examples, showing that the assumption that G=R should have no non-trivial compact quotients (equivalently, M ¼ M nc ) cannot be dropped in the corollary. Take the group G ¼ SOð3Þ b R 3 (with respect to the canonical action). Then G ð1Þ ¼ G, but G is amenable and non-compact, hence it does not have property T.
Trivially, Corollary 5.3 still holds, if G is just assumed to be almost connected (since the condition on G=R then implies that G has to be connected). But the same type of examples shows that it is not enough to require that G =R has no non-trivial compact quotients.
Similarly, compactness of G=G ð1Þ (instead of G=G ð2Þ ) is not su‰cient in general: take G ¼ H Â ðT b R 2 Þ, where H is a simple Lie group with property T and T acts on R 2 by rotations.
The statement of Corollary 5.3 remains true if R is replaced by the non-connected radical Q. But this gives an equivalent condition: by [Ri] , L. 3.16, for a connected semisimple l.c. group M, the existence of a non-trivial compact quotient group is equivalent to the existence of a non-trivial compact connected normal subgroup. On the other hand, Q=R ð¼ZðG=RÞÞ is totally disconnected, hence if G=R has a non-trivial compact connected normal subgroup, the same is true for G=Q and conversely.
We discuss now the case where G is connected and ½ jðM nc Þ; Q ¼ ðeÞ. Then jðM nc Þ is normal in G, hence N ¼ jðM nc Þ. By Proposition 4.5 and Corollary 4.6, we have N ¼ jðM nc Þ j À ZðM nc Þ Á . It follows that QN ¼ jðM nc ÞQ and N X Q ¼ j À ZðM nc Þ Á . In particular, QN is closed (Corollary 4.12; alternatively, one can use the arguments in the proof of Lemma 4.10 to show that QN=N is the non-connected radical of G=N), consequently QN=N G Q=ðN X QÞ. Observe that (by our assumption), N X Q is central in G. Hence, if G=N is compact, then Q=ZðQÞ is compact and since (by the properties noted after Corollary 4.2) ZðGÞR is open in Q, it follows that R=ZðRÞ is compact (i.e. R is a Z-group). By [GM] , Prop. 4.4, R has to be abelian. Since G=N is compact, its radical is central, hence ½G; R L N X Q. In particular, ½ jðMÞ; R L N X Q L ZðGÞ and it follows from Lemma 5.4 (iii) that ½ jðMÞ; R ¼ ðeÞ. Thus (in the terminology of [Mosk] ) G has to be a pro-reductive group. If we consider a representation G G ðM Â R Â CÞ=D 2 as described in Remark 4.7, then G=N is compact (equivalently: G=ðK 0 NCÞ is compact) i¤ the closure of the projection of D 2 to R is co-compact. Hence, this depends how M is attached to R (resp. Q).
In the general case of an almost connected l.c. group G with property T, we can apply this to G =½ jðM nc Þ; R. It follows that ½G ; R L ½ jðM nc Þ; R.
As mentioned in Remark 5.6, ½ jðM nc Þ; RÞ ð¼½ jðM nc Þ; N 0 Þ is not always closed. There are related examples showing that ½R; R need not be contained in ½ jðM nc Þ; R (i.e., closure is necessary).
Final discussion
Let G be an almost connected group with connected radical R and let M (resp. jðMÞ) be a Levi subgroup of G . It follows from the results of [GM] that G is an IN-group if and only if ½G ; G is relatively compact in G. (If L is a compact normal subgroup of G then G L=L ¼ ðG=LÞ and G is an IN-group i¤ G=L is an IN-group. Hence it is enough to consider the case where G is a Lie group. Then the claim follows from [GM] , Cor. 2.8.) Equivalently: M has to be compact, ½ jðMÞ; R ¼ ðeÞ and ½R; R has to be relatively compact (compactness of M results from the Segal-von Neumann theorem; given that M is compact, then relative compactness of ½G ; G is equivalent to that of ½G ; R, since jðMÞR is always dense in G by Corollary 4.2; by the results of [I] used before, relative compactness of ½G ; R implies that the group ½G ; R is central in G , in particular ½ jðMÞ; R ¼ ðeÞ, e.g. by Lemma 5.4 (iii)). This implies that the Levi subgroup jðMÞ is unique and that R is step 2 nilpotent, i.e. ½R; R L ZðRÞ. Furthermore (by [GM] , Th. 2.9), if G is an IN-group, then K 1 ¼ ½R; R gives the minimal compact normal subgroup such that G=K 1 is a SIN-group. Now we combine Theorem 5.1 with this description of IN-groups. Let G be an arbitrary almost connected l.c. group. Then G=N is an IN-group i¤ ½G ; RN=N is relatively compact. By Corollary 5.5 (and Lemma 5.4 (iii)), N is the closure of jðM nc Þ ½ jðM nc Þ; R. Translating to the quotient, this implies that G=N is an IN-group i¤ ½ jðMÞ; R L ½ jðM nc Þ; R and ½R; RN=N is relatively compact in G=N (if we assume that ½ jðM nc Þ; R ¼ ðeÞ, then N X Q is central, hence ½ jðMÞ; R L N implies that ½ jðMÞ; R ¼ ðeÞ). As noted above, relative compactness of ½R; RN=N implies that ½G ; ½R; R L N (i.e. ½R; RN=N has to be central in G =N).
If G=N is an IN-group, put N 1 ¼ ½R; RN. Since ½ jðMÞ; R L ½ jðM nc Þ; R, it follows that N 1 ¼ jðM nc Þ ½G ; R. By the argument above, Theorem 1.1 and [LM1] , Prop. 1.2, we get
Thus, if M has property T, then by Theorem 5.1, the center of C Ã ðGÞ is determined by the SIN-group G=N 1 . Its identity component G =N 1 is the maximal quotient of G that is pro-reductive (in the sense of [Mosk] ) with compact semisimple part.
